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A short note on cubic fourfolds containing a 
plane and K3 surfaces of Picard rank two 
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Abstract 

We present some families of cubic hypersurfaces in P^(C) containing a 
plane whose associated quadric bundle does not have a rational section. 
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"5 ■ 1 Introduction 

c^ . 

Let X be a smooth cubic hypersurface in P^ (C) . Investigating the rationaUty of 
X is a classical problem in algebraic geometry. The general X is conjectured to 
be not rational but not a single example of non rational cubic fourfold is known. 
h>. \ Cubic fourfolds containing a quartic scroll or a quintic del Pezzo surface are 

CD ■ rational (see [F], jMo| ). Idem for those fourfolds containing a plane and a 

^D \ Veronese surface (see [E])- Beauville and Donagi showed in [BDj that also 

pfaffian cubic fourfolds are rational. 

The cubic fourfolds containing a plane form a divisor Cg in the moduli space C 
^r ■ of all cubic fourfolds. The general fourfold containing a plane is also expected 

to be non rational. Nevertheless, Hassctt showed in jHlj that there exists a 
countable infinite collection of divisors in Cg which parameterize rational cubic 
fourfolds. The fourfolds containing a plane are birational to the total space of 
a quadric surface bundle by projecting from the plane: Hassett's examples are 
rational since the associated quadric bundle has a rational section. 



H ■ Recently, Auel at al. (see jABBV| ) have described a class of rational cubic 

. .' fourfolds whose associated quadric bundle do not have a rational section. The 

general member is rational since it is in an irreducible component of Cg H C14 
where C14 denotes the divisor of C containing pfaffian cubic fourfolds. 
Using results on the Hodge structure of cubic fourfolds and Ki surfaces, we 
present a family of cubic fourfolds containing a plane whose associated quadric 
bundle does not have a rational section. We don't know if these fourfolds are 
rational. The rational examples in |ABBVj are members of our family. 

The paper is organized as follows. In Sections [2] and [3] we recall some basic 
notions on lattices and K?> surfaces. We focus on Ki surfaces of Picard rank 
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two recalling the fundamental work of Nikulin in [N]. Then in l3.1l we present the 
K3 surfaces of Picard rank two which are double covers of the plane ramified 
over a sextic curve. In 13.1.11 we construct a family Si^ic) of double planes with 
Picard rank two. In Section S] we recall how these surfaces are related to cubic 
4— folds containing a plane. A such cubic X is birational to a quadric bundle 
Y — > P^ which, in the general case, ramifies over a smooth sextic curve C. The 
Hodge structure of X is strictly related to the Hodge structure of the K3 surface 
S obtained as a double cover of the plane ramified over C and parameterizing 
the rulings of the quadrics in the fibration Y -^ P^ (see [Vl §1]). We use the 
following fact: the lattice A{X) of 2— cycles modulo numerical equivalence on X 
has rank three and even discriminant if S has Picard rank two and even Neron- 
Severi discriminant (see [Vl Proposition 2] and jABBVl Proposition 1, Corollary 
2]). In case of Tk{A{X)) = 3 we prove that the quadric bundle Y -^ P^ does 
not have a rational section if and only if the discriminant of A(X) is even (see 

In 14.11 we recover the cubic hypersurfaces associated to the double planes S(^d,c) 
using the additional datum of an odd theta characteristic on the discriminant 
sextic (see [B2llV]). 

Finally, in Theorem 14. 1.2 1 we prove that the quadric bundles associated to those 
hypersurfaces with d even do not have a rational section. The rational examples 
in jABBV] correspond to fourfolds associated to S(^2,-i)- 
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2 Lattices 

A lattice is a free Z-module L of finite rank with a Z- valued symmetric bilinear 
form bL{x,y). A lattice is called even if the quadratic form associated to the 
bilinear form has only even values, odd otherwise. The discriminant d{L) of a 
lattice is the determinant of the matrix of its bilinear form. A lattice is called 
non- degenerate if the discriminant is non-zero and unimodular if the discriminant 
is ±1. If the lattice L is non-degenerate, the pair {s+,s^), where s± denotes 
the multiplicity of the eigenvalue ±1 for the quadratic form associated to L(E)M, 
is called signature of L. Finally, we call s+ -I- s_ the rank of L and L is said 
indefinite if the associate quadratic form has both positive and negative values. 
Given a lattice L, the lattice L(rn) is the Z-module L with bilinear form 
bL{m){x,y) = mbL{x,y). An isometry of lattices is an isomorphism preserv- 
ing the bilinear form. Given a sublatticc L' C L, the embedding is primitive if 

L 

— is free. Recall the formula 

where L' C L is a sublattice with rk(L') = ik{L). 



2.1 Examples. 

i) The lattice (n) is a free Z- module of rank one , Z(e), with bilinear form 
6(e, e) = n. 

ii) The hyperbolic lattice is the even, miimodular, indefinite lattice with Z- 

module Z(ei , 62) and bilinear associated form given by the matrix 



.1 
We write 

iii) The lattice Eg, has Z^ as Z-module and the matrix of the bilinear form 
is the Cartan matrix of the root system of E^. It is an even, unimodular 
and positive definite lattice. 

3 K3 surfaces of rank two 

A K3 surface is a smooth projective surface 5* with trivial canonical class and 
H^{S,Os) = 0. It is well known that H'^{S,Z) is an even, unimodular and 
positive definite lattice, with respect to the intersection form on S. It has rank 
22, signature (3, 19) and it is isomorphic to 

A:^U®^OEs{~l)®^. 

The lattice A will be called the K3 lattice. The Hodge numbers are (1, 20, 1), 
(see [BPVl VIII]). Denote with 

the Neron-Severi lattice of S, it is a primitive sublattice. If 5 is a K3 surface 
and 

ci -.PiciS) -^H^{S,Z) 

is the first Chern class, one has Pic{S) = ci{Pic{S)) = NS{S). 

The orthogonal complement T{S) of N{S) in H'^{S,'L) is the transcendental 

lattice of S. 

The rank of 5, p{S), is the rank of N{S). The Hodge Index Theorem implies 

that N{S) has signature (1, p{S)~l) and that T{S) has signature (2, 20-/9(5')). 

Let I G NS{S) be a class with P > 0. The primitive cohomology i7^(S', Z)o is 

the orthogonal complement of the lattice < I > . 

Main tools for the study of K3 surfaces are Torelli theorem (see |LP| and jPSSj ) 

and the Surjectivity of the Period Map (see [T|). The period of S is given by 

[cos] = P(i?^'"(5)) in the period domain 

n^{x e P(A 'g)C)\x-x^O,x-x>0} c P(A C). 

By Torelli Theorem and the surjectivity of the period map, the period deter- 
mines the K3 surface: given a e il there exists a K3 surface Sa (unique up to 
isomorphism) with period a such that H^(Sa, Z) is isometric to A. 



Nikulin in [N] made a deep study of lattice theory and of integral quadratic 
forms and use them to study K3 surfaces. We recall the following which is 
crucial for our purposes 

Theorem 3.0.1. ]M Theorem 1.144] IM Corollary 2.9] If p{S) < 10, then 
every even lattice M of signature {l,p~ 1) occurs as the Neron-Severi group of 
some K'i surface and the primitive embedding M ^^ A is unique. 

Corollary 3.0.2. All even lattices of rank 2 and signature (1,1) occur as the 
Neron-Severi lattice N{S) of some K3-surface S of rank two and the primitive 
embedding N{S) ^->- A is unique. A generic such lattice has the form 



3.1 K3 surfaces double planes of rank two 

A double covering of the projective plane ip : S — > P^ branched along a smooth 
sextic C is a A'3 surface: ip^Os) = Op2 © 0(3), so H^{S, Os) = and ws = 
ip*{ujp2 (g) 0(3)) = Os- The surface S is smooth since C is. Moreover, two 
surfaces of this type are birationally equivalent if and only if they have the 
same ramification divisor. A class / g NS{S) with P > is the pull-back of the 
class of a line in P^ and here P = 2. If S* has rank two the Ncron-Scveri lattice 
has the form 

,2 /2 b 



i(M-|2' yb 2c 

The K3 surface S in this case is called a double plane. For general references 
on double planes, see |Enj and [S]. 

3.1.1 Examples. 

i) Consider S a K3 surface double plane ramified over a smooth sextic with 
Neron-Severi lattice of the form 

This can be realized taking a double copver of the plane ramified over 
a sextic curve having a tritangent line I. The pull-back of Z to S' is a 
divisor splitting into two irreducible components li, I2 . The corresponding 
divisor classes arc linearly independent. Both curves are isomorphic to / 
and ll = ll = -2. 

ii) Analogously, if the Ncron-Scvcri lattice has the form 

'2 2 



i(2,-i)-S^-, I 2 -2 



the corresponding double plane S can be realized with a ramification sextic 
C which is tangent to a conic D in 6 points with multiplicity two. As 
before, f*{D) = Di+ D2, with Di, D2 isomorphic to D and Dj = D| = 
-2. 

The previous examples can be generalized as follows. 
Lemma 3.1.1. The lattice 

is the Neron-Severi lattice of a K3 surface Si^ic) whose ramification curve has 
an everywhere tangent curve of degree d. 

Proof. By Theorem lS.O.ll the lattice L^j^c) can be embedded in A as a primitive 
sublattice. Consider the KZ surface Sui^) — Sa defined by a S 17 with a-*- = 
L(rf.c) a-nd generic with this property; hence -/^(d.c) ~ NS{S(^d,c))- The surface 
S(^d^c) is a double plane. Take a divisor D G Pic{S(^d,c)) such that D ^ \nl\ for 
every n. One has (p*{(p{D)) = Di + D2 and if{D) is everywhere tangent to the 
ramification sextic. D 

4 Cubic 4— folds containing a plane 

Let X be a smooth cubic hypersurfacc in P^(C). Consider the cohomology group 
H^{X,'L) and denote with 

A{X) = H^{X, Z) n H^'^iX) 

the lattice of the middle integral cohomology Hodge classes. Those classes are 
algebraic since X verifies the integral Hodge conjecture (see jMu| and |Zu] V 
The transcendental lattice T{X) is the orthogonal complement of A{X) (with 
respect to the intersection form on X). 

Suppose now that X contains a plane P. Consider the projection from P onto 
a plane in P^ disjoint from P. Blowing up X along P one obtains a quadric 
bundle tt : Y — ¥ P^ whose discriminant curve is a plane sextic C If X does 
not contain a second plane intersecting P, the curve C is smooth and this means 
that the quadrics of the bundle have rank > 3 (see [Vl Lemme 2] ) . 
Denote with Q the class of such a quadric. One has P + Q = H^, where H is the 
hyperplane class associated to the embedding X ^-> P^(C). The hypersurface 
X is said to be very general if A{X) = < H^,P > (= < H'^,Q >). Denote 
L:=<H'^,P>^ . 

X is rational iff the quadric bundle tt : Y — > P^ is rational and a sufficient 
condition for the rationality of Y is the existence of a rational section. This 
last condition may be translated in a condition on the parity of the intersection 
of some 2— cycles on X. More precisely, for a 2— cycle T in X consider the 
intersection index 

5{T)=T-Q. 



Note that 5{P) = —2 and S{H^) = 2 So, if X is very general the index S takes 
only even values. There is the following 



Theorem 4.0.2. f\H2l Theorem 3.1.]) If X is a cubic fourfold containing a 
plane, then it : Y — > P^ has a rational section if and only if there exists a 
cycle T in A{X) with d{T) odd. 

Using this Theorem it is easy to give (lattice-theoretic) hints to construct cubic 
fourfolds with rk{A{X)) > 2 whose associated quadric bundles do not have a 
rational section. 

Proposition 4.0.3. Let X be a smooth cubic fourfold containing a plane P 
and let A{X) be of rank three. If the the discriminant of A{X) is even the 
corresponding quadric bundle tt : Y — ;■ P^ does not have a rational section. 

Proof. The quadric bundle tt : Y — > P" has a rational section if and only if 
there exists a cycle T e A{X) such that 6{T) = c is odd (by Theorem [4. 0.2p . 
Suppose that such T exists and consider the lattice < II^,Q,T >C A(X). The 
intersection matrix is given by 



(2) 



for some a,b,c € 1. Moreover c is odd if and only if the discriminant — 4a^ + 86 + 
4ca — "if? is. In this case the discriminat of A(X) must be odd, contradiction. 
(See also |ABBVi Proposition 3]). D 

Our aim now is to build some geometric examples. To do this, we need to better 
understand the links between Hodge theory and the geometry on a cubic 4— fold 
containing a plane. Here we follow Voisin |Vl §1]. 

Let Lp : S — > P^ be the double plane branched over C, discriminant scxtic of 
the quadric bundle Y — > P^. The surface S parameterizes the rulings of the 
quadrics of the fibration. Let F be the Fano variety of lines in X, the subvariety 
of the Grassmannian Gr(l, 5) parameterizing lines contained in X. The divisor 
D C F consisting of lines meeting P is identified with 

D = {{I, s) Cz F X S : / is in the ruling of the quadric parameterized by (p{s)}. 

giving a P^— bundle 

f:D^S. (3) 

The incidence graph restricted to D 
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defines the Abel-Jacobi map: 

ao = p,q* : H^X, Q) -^ H\D, Q) 

which induces an isomorphism of Hodge structm'es, see [Vj Proposition 1]. There 
are the foUowing 

Proposition 4.0.4. (IV, Proposition 2]. ]ABBV\ Proposition 1]) Let X he a 
smooth cubic fourfold containing a plane. Then ajj^L) C /*(i7^(5, Z)o(— 1)) is 
a polarized Hodge substructure of index 2. 

Proposition 4.0.5. \ ABB VI Corollary 2] Let X be a smooth cubic fourfold con- 
taining a plane. Then q;d(T(X)) C /*T(5)(— 1) is a sublattice of index e divid- 
ing2. In particular, rkA(X) =rk{NS{S))+l and d{A{X)) = 2^^'-^^d{NS{S)). 

This impUcs the following 

Proposition 4.0.6. Let X be a cubic fourfold containing a plane. If the bundle 
TT : Y — > P^ does not have a rational section then d{A{X)) is even. 

Proof. The P^-bundle / : D — > S in ^ produces an element a of order two in 
the Brauer group Br{S) of S. Recall that, if 5 is a K3 surface, then 

Br{S) ^ T{S)* ® Q/Z ^ Hom(T(5), Q/Z) 



(see for example |vGl §2.1.]). An element a of order 2 defines a surjcctive 
homomorphism 

a : T{S) — y Z/2Z 



and thus defines a sublattice Tq, of index 2 in T{S) (see |vGl §2.4.]). The 
quadric bundle associated to X does not have a rational section if and only if 
a is not trivial in Br{S) (see |Ku[ Proposition 4.7.]). If a is not trivial, then 
aD{T{X)) C f*T{S){-l) is a sublattice of index 2 and thus d{A{X)) is even 
by Proposition 14.0.51 D 

Corollary 4.0.7. Let X be a cubic fourfold containing a plane with T'k{A{X)) = 
3. The bundle ir : Y — > P^ does not have a rational section if and only if 
d{A(X)) is even. 

Proof. It follows by Proposition 14.0.31 and Proposition 14.0.61 

D 



4.1 Theta-characteristics on the ramification curve C 

A theta-characteristic on a smooth curve C is a line bundle k such that k®"^ = 
Kc- We write h^in) := dimi?0(C, k). 

Denote with Q^ a quadric of the bundle Y — > P^. The map x i--> Qx H P 
gives a net of conies whose discriminant curve is a plane cubic Ci . The curve 
Ci cuts a divisor 2D on the sextic C and thus it determines an effective theta- 
characteristic on C (see [Vl Lemme 7] ) . Conversely, the cubic hypersurface X is 
determined by the curve C plus an odd theta-characteristic (see JV] Proposition 
4]). The same result is implied by the following 

Proposition 4.1.1. ( \B^ Proposition 4-2-]) Let C he a smooth plane curve of 
degree d, defined by an equation F = and k an odd theta-characteristic on C 
with h^{K) = 1. Thus, k admits a minimal resolution 



-^ Op2{-2f-^ © Op2(-3) ^ 0^2 (-1) 



\d-3 , 



'Or 







with a symmetric matrix M G -A^(d-2)x(d-2)(C[^0j -'^ij ^2]) satisfying det il/ 
F, and of the form 



M 



( ii,i 

V Qi 



L 



l,d-3 



Qi \ 



Ld-3.d-3 Qd-3 
Qd-3 H I 



(4) 



where the forms Lij, Qi, H are linear, quadratic and cubic respectively. 
Conversely, the cokemel of a symmetric matrix M as above is an odd theta- 
characteristic K on C with h'^{K) ~ 1. 

We can now prove our main result. 

Theorem 4.1.2. Consider the couple (S'wj,)?'*) where Sid,c) ** 0, double plane 
defined as in Lemma \3.1.1\ and k is a theta characteristic on the ramification 
curve C with h^i^n) = 1. If d is even, {Sid,c)ii^) determines a cubic fourfold 
containing a plane whose associated quadric bundle does not have a rational 
section. 



Proof. Let C be the ramification curve of S 



'(d,c) 



and take a theta charac- 



teristic K on C with /i°(k) = 1. Proposition 14. 1 . II savs that the curve C has a 
determinantal representation F ~ det M = with 



AI = 



(Li.i 
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Qi\ 
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The geometric interpretation is the following. Choose projective coordinates 
[Zi,Z2,Z3,Xo,Xi,X2] in p5(C) and define the cubic fourfold X = X{S,k) as 



the zero set 

3 3 

/ ^ ZiZjLij{XQ, Xi, X2) + 2_^2Zi(5i(Xo,Xi,X2) + H{Xo,Xi,X2) — 0. 

i.j = l 4=1 

The cubic X is smooth and it contains the plane P := Xq = Xi = X2 = 0. 
The curve C is the discriminant of the quadric bundle obtained by projecting 
the hypersurface X from P. 

The A'3 surface S has rank two and d is even, so the discriminant of NS{S) is 
even. This means that A{X) has rank three and even discriminant by Proposi- 
tion l4.0.31 Thus Proposition l4.0.51 imDlies that the corresponding quadric bundle 
TT : Y — > P^ does not have a rational section. D 

Remark 4.1.3. Auel et al. in |ABBVj (see Proposition 4 and Theorem 11) con- 
struct an explicit example of a pfafSan (then rational) cubic fourfold associated 
to a K3 surface of type 5(2,-1)- 
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